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We consider the class of graphs characterized by the forbidden subgraphs C and N: C 
is the claw (unique graph with degree sequence (3, 1, l, 1)) and N the net (unique graph with degree 
sequence (3, 3, 3, 1, 1, 1)). For this class of graphs (called CN-free) an algorithm is described for 
determining the stability number ~t(G). It is based on a construction associating with any CN-free 
graph G another CN-free graph G' such that ct(G')=~(G)-1. Such a construction reducing the 
stability number is called a struction. 

1. Introduction 

The purpose  o f  this paper  is to show how for some classes o f  graphs G one 
can obtain with a polynomial  a lgori thm the stability number  ¢(G) by using a re- 
duction technique. By this we mean a construct ion which associates with any  
graph  G in some class F another  graph G" in F with c t ( G ' ) = ~ ( G ) -  1. Such a con- 
struction reducing the stability number  will be called a struction.  

This approach  is similar in spirit to the struction procedure described in 
[2] for  general graphs;  we will show here that  the class o f  graphs defined by two 
forbidden subgraphs C and N is closed under  an adequate  struction. Here C will 
be the claw, i.e. the unique graph  with degree sequence (3,1,1,1) (see Fig. la)  and 
N will be the net, i.e. the unique graph with degree sequence (3,3,3,1,1,1) (see Fig. 

i k 
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a) the claw C=(i; j, k, l) b) the net N=(i,  ], k; i', j', k') 
Fig. 1 
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lb). Loops and parallel edges will be excluded. Graphs having no induced C o: 
N will be called CN-free. Such graphs have been studied with respect to hamilton 
icity [1]. One should observe that the class of CN-free graphs includes an infinit~ 
of  2-connected graphs with a(G)>_-3; one such family is obtained for instance 
by taking a chordless cycle Ck on nodes al, a2, ..., ak and a chordless cycle C 
on nodes bl, b2, ..., bk. One links each node ai in Ck with nodes bi, bi+~ in C 
(here indices are taken modulo k). 

The focus of  the paper lies essentially in the presentation of a new metho( 
for computing the stability number of  graphs. Here this approach is adapted t( 
a subclass of claw-free graphs. For  general claw-free graphs, a polynomial algorithn 
has been given in [5, 6]; our approach for this subclass of claw-free graphs is quit~ 
different and might lead to an apparently new type of algorithm for various classe~ 
of  graphs. A struction has been described previously for a subclass of  CN-fre~ 
graphs, the so-called CAN-free graphs [4]. We present in the next section anothe: 
struction which is adapted to CN-free graphs. One of  the differences with th~ 
struction for CAN-free graphs is that during the construction an adequate orderin! 
of  the nodes has to be defined. 

In Section 3 we will show that the class of CN-free graphs is closed unde 
the struction. 

Unless otherwise specified we will use the graph terminology of [3]. 

2. Struction of CN-free graphs 

Before describing the stability number reducing operation (i.e. the struc 
tion), we need to introduce a few notations. [i, j]  will indicate the presence of  al 
edge between nodes i and j,  while [i, j]  will denote the absence of such an edgq 
(or the presence of a "nonedge").  For  a node a, N(a)={jl[a, j]} is the set o 
neighbours of  a; N(a )=  {jl[a, j]}, N[a]= {a}UN(a). 

An arbitrary fixed node 0 will be crucial in the struction; so we defin, 
No[a]=N[a]AN(O) and lV-o(O)=N(a)•N(O). Let -< be a partial order define~ 
on N ( 0 ) b y  a~b  if  No[a]~=No(b]. We shall write a~b  if a~b  and b~a. II 
the struction, the nodes in N(0) will be numbered from 1 to IN(0)] in an adequat. 
way; it will be convenient to refer to these nodes simply with their associated num 
bet. So we will have a total order < on the nodes in N(0). 

We now describe the struction for CN-free graphs. 

(a) Preliminaries. 
l) choose any node 0 in G=(X, U): 0 will be the center of the struction 
2) number the nodes in N(0) from I to IN(0)I in such a way that 

(i) if a'<b and a ~ b  then a<b 
(ii) if a-~b,a=-~_x,x~a and a<b, then either x<a or x>b. 

3) Let  I*={iEN(O)I3j~N(O) with j> i  and [i, j]}. 

(b) Construction of G'. 

4) Introduce the subgraph R induced by X - N [ 0 ]  
5) For  each i~l* introduce a new node i* 
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6) link every pair of new nodes 
7) link a new node i* to node r in R if in G we have either [i, r] or [j,  r] 

for every j > i  with jE No(i). 

Remark. One should observe that a numbering satisfying 2(i) and 2(ii) can always 
be found; it is simply a numbering which does not contradict the partial order 
-<; furthermore if 2 nodes a, b are equivalent with respect to "< one should not 
give to a node x not comparable to a or b a number between a and b. 

The construction is illustrated in Fig. 2 where a graph G and the resulting 
graph G" are shown. 

G 

%[~]= ,25 

% [z]= ~245 
% [3]= 34s 
% [4]= 234s 
% [5]= ~z~4s 

~*-~ {~';2 o] ( ~ o "  

Fig. 2. The struction t ransforming G into G' 

Proposition 2.1. Let G be a CN-free graph with a ( G ) > l ,  0 an arbitrary node of 
G and G' a graph resulting from a struction, centered at O; then a ( G ' ) = a ( G ) - 1 .  

Proof. A) We shall first show that if S ~ 0 is a stable set in G, there exists a stable 
set S '  in G' with IS ' l=  I S [ - 1 .  Observe that since G is claw-free then I SN N[0][~2. 
If  SNN[0]=~),  take S ' = S - x  where x is any node in SNR; if SNN[O]={i}, 
then S ' = S - { i } .  Finally if SNN[O]= {i, j}, then we may assume 0 < i < j  and 
[i, j ]  holds; we take S ' = ( S - { i ,  j})U {i*}. This set is stabel; assume we have 
[i*, r] for some r in RNS;  r cannot be in N(i) since S3i  was stable, so since r 
was linked to i* in G" we had in G Jr, l] for all l>i in No(i); in particular r was 
linked to j ;  this is also impossible because Sgj  and S was stable in G. Hence 
we cannot have [i*, r] for i*, rES'. So in every case S '  satisfies IS'l=lSl-I 
and is stable. 
B) Let  us show now that for any stable set S" in G" we can find a stable set S in 
G with lsl=ls'l+l. Let K* be the clique of  new nodes introduced in G'. Ob- 
viously [S'NK*[_<-I. If S ' N K * = 0 ,  then S ' c R  and w e m a y t a k e  S = S ' U { 0 } .  
I f  S'NK*={i*}, then since i* is a node of  G', we have in G, N * = { j l j > i ,  jE 
EN0(i)}¢0. We shall show that there exists in N*, a j for which S=(S ' -{ i*})U 
U {i, j}  is stable in G. 

(a) Now clearly, we will have [i, r] for any rERNS; this holds because 
i*, r~S" and hence [i*, r] in G" which means rCN(i) in G. 

(b) Now, for each j in N* we have [ j ,  r] for at most one rERNS (other- 
wise, if [ j ,  r], [./, rq for r, r ' ~RNS  then ( j ;  0, r, r ' )  forms a claw). 

(c) Assume now that for each Jk in N* there is a node rk in R N S  with 
[Jk, rk], this implies that IN*[=>2 (because if N*={ja}  a stable set S" contain- 
ing i* cannot contain rl since [i*, rl] in G'. 

4* 
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(d) Choose j~ in N*; there is an rlERfqS with [j~, rl] by (c); since [i*, rl] in 
G', there is a Jz in N* with [j.,, ra]; by (c) there is r2 in R ~ S w i t h  [Jz, r~.]. We have 
rl~r-o and so [0, i], [0, jl], [0, .A], [i, Jl], [i, Jz], [Jl, ra], [j2, r2], [j-o, rl]. Also [ j , ,  J2], 
otherwise (0; i,, j~, j-o) is a claw. 

From (b) and [.A, rl] follows [j, rz]. Furthermore from (a) we have [i, rl], 
[i, r o]. Also since rl, re~RNS, [r~, r2]. But now (0, Jl, J~, i, r~, rz) define an in- 
duced net of G and this is impossible. Hence there must exist a j > i  in No(i), 
with [j, r] for all r~RAS.  So G contains a stable set S of the form (S ' - ( i*))U {i, j}. 
C) Since A) implies ~(G')_->7(G)-I and B) implies c~(G)_->g(G')+I, we have 
a (G') = c~ (G) - 1. ! 

R e m a r k .  In the above proof, one does not use properties (i) and (ii) of the ordering 
of the nodes in N(0). 

Propos i t ion  2.2. I f  G is a nontrivial CN-free graph, the struction gives a graph G' 
with at least 2 nodes less than G. 

Proof .  It follows immediately from the description of the struction that each node 
i in N(0) will give at most one new node i* in G', since 0 will not be in G" and the 
last node j in N(0) will not give any !'*, the result follows, l 

From Proposition 2.1 and 2.2, one deduces that by repeatedIy applying 
the struction to a CN-free graph, we get a simple polynomial algorithm giving the 
stability number of  G, provided the class of CN-free graphs is closed under the 
struction. This will be established in the next section. 

3. Closedness  o f  the f a m i l y  o f  C N - f r e e  graphs 

In this section we shall prove that the struction described in section 2 trans- 
forms a CN-free graph into another CN-free graph. If a is a node in N(0), b is in 
No(a) and b >a ,  then we shall say that b is a follower of a. 

Unless otherwise specified we shall assume throughout this section that 
(i) G is a CN-free graph 

(ii) G" is a transform of G (i.e. the result of a struction centered at 0) 
(iii) if a, b, c . . . .  denote new nodes, then a', b', c', ... are nodes in G cor- 

responding to a, b, c, ... respectively and a", b", c", ... are followers of 
• " " ly a ,  b ,  c . . . .  respective 

(iv) rl,  rz, ... are nodes in R. 

Lemma 3.1. [a, r~], [a, r2] and [rl, re] in G" implies [d, x], [a", y], [a', y] and [a", x] 
in G where {x, y}= {ri, rz} and a" is any follower of  a'. 

Proof .  F o r  i=1 ,  2 [a, r i]~[a ' ,  rl] or [a", zi]. But [a', rl] and [a', rz] is impossible 
since otherwise (a'; 0, rl,  r-o) is a claw in G. Similarly [a", r,] and [a", r2] is im- 
possible. 

Lemma 3.2. [a, r~], [a, r,2] and [rl, r-o] in G" implies [a', rl], [a', r2], [a", rl], [a °, r2] 
in G for some follower a" of a'. 
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Proof. By definition of the struction, [a', r~], [a', r2], [ax, r~l for a follower a~ of  a' 
and [az, r~] for a follower az of  a'. If  a~=az, the lemma is proved. So assume 
a ~ a 2  and [ax, r.z], [a2, r~]. But then, since [a~, a2] in G, (otherwise (0; ae, al, a) 
is a claw), (0, al,  a2; a', r~, rx) is a net. This case is impossible. | 

The graph B=(r, a, b, O, y, x, s) will play an important role in the remain- 
ing of  this section; it is represented in Fig. 3. We recall that we have defined a partial 
order _ on N(0) by a ~ b  if No[a]==No[b]. 

® 

Fig. 3. The  graph 
B = (r, a, b, 0, y, x, s) 

j "  ~" / 1 

Fig. 4. The  configurat ion 
H(0 ,  a, b, c, d, e) (heavy 

lines represent  edges 
and  dotied lines nonedges) 

Lemma 3.3. I f  B=(r, a, b, O, y, x, s) is an induced subgraph of G, then a'<b and 
x ~ y .  

Proof. We show a ~ b ;  a similar reasoning shows that x ~ y .  Let c~No(a)-No(b), 
then [c, r] (otherwise (a; b, c, r) is a claw), [c,y] (otherwise (0; b, c,y) is a claw), 
[c, x] (otherwise (0; b, c, x) is a claw), hence [c, s] (otherwise (0, c, x; s, r) is a net). 
But then (c; 0, r, s) is a claw. So this case is impossible, hence No(a)-No(b)=O, 
i.e. No(a)~No(b) and a'<b. | 

Lemma 3.4. I f  G contains the configuration H(0, a, b, c, d, e) of Fig. 4, then [a, c]. 

Proof. If  [a, c], then (0, a, c; b, d, e) is a net unless [a, b]; however [a, c], [a, b] 
imply that (a; b, c, d) is a claw. Hence [a, c]. l 

We can now state: 

Proposition 3.1. I f  G" is a transform of a CN-free graph G, then G" is claw-free. 

Proof. Assume that G' contains a claw (a; b, c, d). At least one of  a, b, c, d is 
a new node. By construction the new nodes form a clique. We have 3 cases to 
consider 

Case 1: b alone is a new node. 

Let b' correspond to b in G. By lemma 3.2, there exist a follower b" of b' 
such that [b", c], [b", d], [b', c] and [b', d]. Now [a, b] in G" implies [a, b'] or [a, b"] 
in G'. In either case there is a claw in a. This case is not possible. 



146 1,, L. H A M M E R ,  N. V. R. M A H A D E V ,  D.  D E  W E R R A  

Case 2." a alone is a new node. 

Let a' correspond to a. By lemma 3.1, [d, b], [d, c], [a", hi, [a", c], also 
[a' ,d] or [a",d];  but [a', d] creates claw (d ;  0, b, d) and [a", d] creates claw 
(a"; 0, c, d). This case is impossible. 

Case 3. a and b are the only new nodes. 

By lemma 3.1, [a', c], [a', d], [a", c] and [a", d]. By lemma 3.2 [b',c], [b',d], 
[b", c] and [b", d]. 

Subcase 3.1. [d, b']. 

Then we have [a', b"], otherwise (a', b', b", c) is a claw, then [a", b"] and 
[a", b'] for similar reasons. Then (d, a", b", 0, b', d ,  c) is an induced B. By lemma 
3.3, a"<b',  hence b '<b"  implies d < b " ,  so b" is a follower of  a'; this implies 
[b", d] (because we had [a, d] in G). This contradicts [b", d]. 

Subcase 3.2. [d, b'] 

Since G is claw-free, [d, b"], [a", b'] and hence [d', b"] (otherwise there is 
a claw (a"; b', b", d)). Then (c, d ,  b", 0, b', d ' ,  d) is an induced B; hence a"'<b ". 
So a '<a"  implies a'<b' ,  so b' is a follower of  d and we must have [b', d] (since 
we had [a, d] in G). This contradicts [b', d]. 

So case 3 is not possible; since all remaining cases are symmetric to cases 
1, 2, 3, G' cannot have an induced claw containing at least one new node. Hence 
G" is claw-free. II 

It only remains to show that G' is also net-free. 

Proposition 3.2. I f  G and G" are defined as in theorem 3.1, then G' is net-free. 

Sketch of proof. We shall only indicate how proposition 3.2 can be proved by 
enumerating a collection of cases; the details will be left to the reader. Assume 
that (b, c, d; a, e, f )  is an induced net N in G'; at least one node of  N is a new 
node. We have 4 cases to consider 

Case 1: a alone is a new node. 

Let a' correspond to a; we have [a', x] where x = c ,  d, e, f .  By lemma 3.2, 
there is an a" such that [a", c] and [d', f ] .  Now [a', b] otherwise (b, c, d; d ,  e, f )  
is a net. Since [a, b] in G, we have [a", hi. But then [a", d] or [a", e] (otherwise 
(b, c, d; a", e, f )  is a net). If  [a", d], then (d; a", c, f )  is a claw and if [a", e], then 
(a"; 0, b, e) is a claw. So this case is impossible. 

Case 2: among b, c, d exactly one node (say b) is new. 

Using lemma 3.2 one shows that this case is impossible 

Case 3." Among b, c, d exactly two nodes (say b and c) are new. 

This case is also impossible as can be seen by applying lemmas 3.1, 3.2 
and 3.4. 

Case 4: the only new nodes are b, c, d. 
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Let  b' ,  c',  d '  be the nodes o f  G corresponding to b, c, d f rom l emma 3.2, 
[b, e,], [b, f ] ,  [e, f ]  in G '  imply  [b', e], [b", e], [b', f ] ,  [b", f ]  for some follower b" 
of  b' .  Similarly we have [c', a], [c', f ] ,  [c", a], [c", f ]  for  some follower c" of  c '  
and also [d' ,  a], [d", a], [d ' ,  e], [d", e] for  some follower d"  of  d ' .  

We have four  subcases to consider 

Sttbcase 4.1. [b', a], [c', e], and [d', f]. 

Subcase 4.2. [b', a], [c', e], [d', f] .  

Subcase 4.3. [b', a], [c', e] and [d', f] .  

Subcase 4.4. [b', a, [c', e] and [d' ,  f ] .  

I t  is a routine task to verify that  all these cases are impossible by using 
l emma 3.4. 

There  is no other  case since by definition o f  the struction all new nodes  
fo rm a clique. 

Hence G'  canno t  contain an induced net. I 

4. Final remarks 

Although the proofs  given in section 3 are rather  long, the struction itself 
is a simple opera t ion  to pe r fo rm on a CN-g raph  in part icular.  I t  is no t  difficult 
to see tha t  this special version of  the struction leads to an 0(n 3) algori thm. The  
general struction defined for  any graph in [2] is also simple but  does not  lead as 
here to a po lynomia l  a lgor i thm since G" may in the worst  cases have m a n y  more  
nodes than G. One should also ment ion that  apparent ly  there is no simple extension 
to the weighted case o f  this specialized struction. 
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